We prove that for any proper smooth formal scheme X over OK , where OK is the ring of integers in a complete discretely valued nonarchimedean extension K of Qp with perfect residue field k and ramification degree e, the i-th Breuil-Kisin cohomology group and its Hodge-Tate specialization admit nice decompositions when ie < p − 1. Thanks to the comparison theorems in the recent works of Bhatt, Morrow and Scholze [BMS18], [BMS19], we can then get an integral comparison theorem for formal schemes, which generalizes the case of schemes proven by Fontaine and Messing in [FM87] and Caruso in [Car08].
Introduction
In this paper, we study the A inf -cohomology theory and the Breuil-Kisin cohomology theory constructed respectively in [BMS18] , [BMS19] , now unified as prismatic cohomology in [BS19] . Our main result concerns their structure in low ramification.
Theorem 0.1 (Theorem 3.8, Theorem 5.7). Let X be a proper smooth formal scheme over O K , where O K is the ring of integers in a complete discretely valued nonarchimedean extension K of Q p with perfect residue field k and ramification degree e. Let O C be the ring of integers in a completed algebraic closure C of K and X be the adic generic fibre ofX := X⊗ O K O C . Assume ie < p−1. Then there is an isomorphism of S := W (k) [ 
where H i HT (X) is the Hodge-Tate cohomology of X.
Remark 0.2. Note that the definition of Breuil-Kisin modules (see Definition 1.9) in [BMS18] , [BMS19] is slightly more general than the original definition given by Kisin in [Kis06] . The difference lies in the existence of u-torsion (note that S = W (k) [[u] ] is a two dimensional regular local ring). However, the theorem above shows that the Breuil-Kisin cohomology theory constructed by Bhatt, Morrow and Schloze does take values in the category of Breuil-Kisin modules in a traditional sense, at least when ie < p − 1.
Unfortunately, we can not give any canonical isomorphisms between these modules. Our method only enables us to compare the module structure. The proof of this theorem relies essentially on the existence of Breuil-Kisin cohomology and the construction of A inf -cohomology in [BMS18] by using the Lη-functor and the pro-étale site. In fact, this construction presents a close relation between A inf -cohomology and p-adicétale cohomology. The Lη-functor provides us with two morphisms between H i A inf (X) (resp. H i HT (X)) and H í et (X, Z p ) ⊗ Zp A inf (resp. H í et (X, Z p ) ⊗ Zp O C ), whose composition in both direction is µ i (resp. (ζ p − 1) i ). For the definitions of µ and ζ p , see Section 1.
Note that H i HT (X) is just the base change of H i HT (X) along the canonical injection O K → O C . We can then directly obtain the statement about the Hodge-Tate cohomology groups in Theorem 0.1 by studying the two morphisms provided by the Lη-functor.
For the part concerning the Breuil-Kisin cohomology groups, we need to prove some torsion-free result. Namely, when ie < p − 1, the Breuil-Kisin cohomology group H i S (X) is E(u)-torsion free (equivalently, u-torsion free), where E(u) ∈ S is the Eisenstein polynomial for a fixed uniformizer π in O K . Moreover for any positive integer n, we have H i S (X)/p n is also E(u)-torsion free.
As a consequence of Theorem 0.1, we can get an integral comparison theorem about p-adicétale cohomology and crystalline cohomology both in the unramified case and ramified case, which generalizes the case of schemes studied by Fontaine and Messing in [FM87] and Caruso in [Car08] . This is actually the main motivation of this work. So next we give some background about integral comparison theorems.
Integral p-adic Hodge theory. For a proper smooth (formal) scheme X over O K where O K is the ring of integers in a complete discretely valued nonarchimedean extension K of Q p with perfect residue field k, we can consider the de Rham cohomology H i dR (X/O K ) of X, the p-adicétale cohomology H í et (X, Z p ) of the geometric (adic) generic fiber X and the crystalline cohomology H i crys (X k /W (k)) of the special fiber X k , where k is the residue field of O K . Integral p-adic Hodge theory then studies the relations of these cohomology theories.
The first result concerning integral comparison was given by Fontaine and Messing in [FM87] .
Theorem 0.3 ( [FM87] ). Let X be a proper smooth scheme over W (k) and X n = X × Spec(W (k)) Spec(W (k)), where k is a perfect field of characteristic p. Let G K 0 denote the absolute Galois group of K 0 = W (k)[ 1 p ]. Then for any integer r such that 0 ≤ r ≤ p − 2, there exists a natural isomorphism of G K 0 -modules
where T crys is a functor from the category of torsion Fontaine-Laffaille modules to the category of Z p [G K 0 ]-modules, which preserves invariant factors.
Note that H r dR (X n ) ∼ = H r crys (X k /W n (k)). Here we have used implicitly that H r dR (X n ) is in the category of torsion Fontaine-Laffaille modules, which is actually one of the main difficulties. The proof of Fontaine-Messing's theorem relies on syntomic cohomology which acts as a bridge connecting integral p-adicétale cohomology and crystalline cohomology.
Recall that rational p-adic Hodge theory provides an equivalence between the category of crystalline representations and the category of (weakly) admissible filtered ϕ-modules. The idea of Fontaine-Laffaille's theory is to try to classify G K 0 -stable Z p -lattices in a crystalline representation V by ϕ-stable W (k)-lattices in D satisfying some conditions, where D is the corresponding admissible filtered ϕ-module.
To generalize Fontaine-Laffaille's theory to the semi-stable case, Breuil introduced the ring S and related categories of S-modules in order to add a monodromy operator. He has also obtained an integral comparison result in the unramified case when r < p − 1 in [Bre98a] . Later, this result was generalized to the case that e(r + 1) < p − 1 by Caruso in [Car08] .
Theorem 0.4 ([Bre98a] [Car08] ). Let X be a proper and semi-stable scheme over O K , where O K is the ring of integers in a complete discretely valued nonarchimedean extension K of Q p with perfect residue field k and ramification degree e. Let X n be X × SpecO K Spec(O K /p n ). Fix a non-negative integer r such that er < p − 1. Then there exists a canonical isomorphism of Galois modules
for any i < r.
T st * is a functor from the category Mod r,ϕ /S∞ (see Definition 6.9) to the category of Z p [G K ]-modules, which preserves invariant factors. The proof also relies on the use of syntomic cohomology. One of the main difficulties in their proof is to show H i log−crys (X n /(S/p n S)) is in the category Mod r,ϕ /S∞ , in particular, to show H i log−crys (X n /(S/pS)) is finite free over S/pS. Remark 0.5. One crucial point of Breuil's theory is that it highly depends on the restriction r ≤ p − 1 which is rooted in the fact that the inclusion ϕ(Fil r S) ⊂ p r S is true only when r ≤ p − 1. One way to remove this restriction is to consider Breuil-Kisin modules. In fact, one of the main motivations of A inf -cohomology theory is to give a cohomological construction of Breuil-Kisin modules. The techniques in [BMS18] can not directly give the desired Breuil-Kisin cohomology. However, this goal is achieved in [BMS19] by using topological cyclic homology and in [BS19] by defining prismatic site in a more general setting.
Recently, Bhatt, Morrow and Scholze have obtained a more general result about the relation between p-adicétale cohomology and crystalline cohomology in [BMS18] by using A inf -cohomology. Their result does not impose any restriction on the ramification degree, roughly saying that the torsion in the crystalline cohomology gives an upper bound for the torsion in the p-adicétale cohomology.
As we have said, by studying A inf -cohomology and its descent Breuil-Kisin cohomology, we can generalize the results of Fontaine-Messing, Breuil and Caruso to the case of formal schemes, at least in the good reduction case.
Theorem 0.6 (Theorem 4.9, Theorem 5.9). Let X be a proper smooth formal scheme over O K , where O K is the ring of integers in a complete discretely valued nonarchimedean extension K of Q p with perfect residue field k and ramification degree e. Let C be a completed algebraic closure of K andX = X × O K O C . Write X for the adic generic fiber ofX. Then when e = 1, there is an isomorphism of W (k)-modules H ń et (X, Z p )⊗ Zp W (k) ∼ = H n crys (X k /W (k)) for any n < p − 1. When e > 1, the same isomorphism exists for any n such that (n + 1)e < p − 1.
For the proof in the unramified case, we need the following theorem:
Theorem 0.7 (Theorem 4.8). With the same assumptions as the theorem above, when e = 1, then for any n < p − 1, we have
In fact, the (truncated) Hodge-Tate complex of sheaves is formal in this case, which enables us to compare Hodge-Tate cohomology and Hodge cohomology. Then we need to study the Hodge-to-de Rham spectral sequence. By Theorem 0.1, we can finally relate de Rham (or crystalline) cohomology to p-adicétale cohomology. Note that the theorem above gives a converse to Theorem 1.8 in [BMS18] , which implies that H ń et (X, Z p ) and H n crys (X k /W (k)) have the same invariant factors.
In the ramified case, the integral comparison theorem follows directly from Theorem 0.1 and Theorem 1.6 in [BMS18] .
Remark 0.8. The A inf -cohomology theory in the semistable case has been studied in [CK19] . The Breuil-Kisin cohomology might be also generalized to the semistable case by using the prismatic site. Then one could also hope to generalize Theorem 0.1 and Theorem 0.6 to the semistable case.
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Notations. In the whole paper, let K be a complete discretely valued nonarchimedean extension of Q p with the ring of integers O K , perfect residue field k and ramification degree e = [K :
. Fix a uniformizer π of O K and write E = E(u) for an Eisenstein polynomial for π. Define S := W (k) [[u] ] and S n := S/p n . Then there is a natural W (k)-linear surjective morphism β : S → O K sending u to π, whose kernel is generated by E.
Let X be a proper smooth formal scheme over O K , andX = X ⊗ O K O C , where O C is the ring of integers of a complete algebraic closure C of K. We use X to denote the adic generic fibre ofX and X k to denote the special fibre of X. Fix an algebraic closurē k of k and define Xk := X k ⊗ kk .
Let A be a commutative ring and M be an A-module. For any a ∈ A, we write M [a] for the submodule of M consisting of a-torsion elements.
Recollections on A inf -cohomology
In this section, we simply recall the necessary ingredients for defining the A inf -cohomology theory in [BMS18] . In fact, we will stick to the method using the pro-étale site and the décalage functor Lη, which will provide us with some useful morphisms between A infcohomology groups andétale cohomology groups.
We first recall some basic definitions in p-adic Hodge theory.
Note that A inf is equipped with a natural Frobenius map ϕ, which is an isomorphism of rings.
(ii) Fix a compatible system of primitive p-power roots of unity {ζ p n } n∈N such that
The map θ is surjective and ker(θ) is generated by ξ = µ/ϕ −1 (µ). There is also another projection
Next we define some sheaves on the pro-étale site X proét . Recall that there is a natural projection map of sites ω : X proét → Xé t Definition 1.2 ( [BMS18] Section 5). Consider the following sheaves on X proét .
. The other ingredient for defining A inf -cohomology is the décalage functor. 
is acyclic. In particular, C • is I-torsion free. Then we can define
We consider the natural projection ν : X proét →X zar , which is actually the composition X proét → Xé t →Xé t →X zar . Then we are ready to define the A inf -cohomology theory.
Definition 1.4 ( [BMS18] Definition 9.1). Define AΩX := Lη µ Rν * (A inf,X ) and ΩX := Lη ζ p−1 Rν * ( O + X ). The A inf -cohomology is defined to be the Zariski hypercohomology of the complex of sheaves AΩX, i.e. RΓ A inf (X) := RΓ zar (X, AΩX). We can also define Hodge-Tate cohomology RΓ HT (X) := RΓ zar (X, ΩX). Now we introduce the category of Breuil-Kisin-Fargues modules in which the A infcohomology takes values.
The main theorem about the A inf -cohomology theory is the following:
) are Breuil-Kisin-Fargues modules. Moreover, there are several comparison results:
→ 0. One of the most important applications of the A inf -cohomology theory is to show that the torsion in the crystalline cohomology gives an upper bound for the torsion in thé etale cohomology.
Theorem 1.8 ([BMS18] Theorem 14.5). For any n, i ≥ 0, we have the inequality
As we have mentioned, there is a refinement of the A inf -cohomology, i.e. Breuil-Kisin cohomology, which recovers A inf -cohomology after base change along a faithfully flat map α : S → A inf . In particular, we have (α(E)) = ( ξ). The first construction of Breuil-Kisin cohomology is given in [BMS19] by using topological cyclic homology. Another construction is given in [BS19] by using the prismatic site. We will not say anything about the construction of Breuil-Kisin cohomology theory here but choose to state a similar comparison theorem as in the A inf case. Definition 1.9. A Breuil-Kisin module is a finitely generated S-module M together with an isomorphism
Theorem 1.10 ([BMS19] Theorem 1.2). For any proper smooth formal scheme X/O K , there is a S-linear cohomology theory RΓ S (X) which is a perfect complex of S-modules. Moreover, it is equipped with a ϕ-linear map ϕ : RΓ S (X) → RΓ S (X) which induces an isomorphism
The cohomology groups H i S (X) := H i (RΓ S (X)) are Breuil-Kisin modules. There are several specializations that recover other p-adic cohomology theories:
(iv) Crystalline specialization: after base change along the map S → W (k) which is the Frobenius on W (k) and sends u to 0, it can recover crystalline cohomology of the special fiber:
A lemma in commutative algebra
In this section, we want to prove the following key lemma which will be used in the comparison of Hodge-Tate cohomology and p-adicétale cohomology. In order to prove this lemma, we consider all finitely presented torsion modules over O C . Any such module looks like n i=1 O C /π i for some non-zeros π i ∈ m. We call trk(N ) := n the torsion-rank of N . We will also use the normalized length l O C for finitely presented torsion O C -modules, as used in [CK19] , see also [Bha17] . In particular, this length behaves additively under short exact sequences and l O C (O C /p) = 1. Now we prove a lemma concerning the torsion-rank:
Let π be the smallest of the π i (i.e., the one with the smallest valuation), and let ̟ be the largest of ̟ i . Then
which shows that ̟ ∈ πO C ; write ̟ = πx. The composition of these maps lands in the π-torsion of (
If N ։ M , we can consider the injection Hom
is killed by some element α ∈ O C which is strictly smaller that all of the π i . Then trk(N ) ≤ trk(M ).
Proof. By assumption Ker(g) is contained in the α-torsion N [α] of N , which is given by
Taking torsion-ranks, Lemma 2.2 for surjections shows that trk(N/Ker(g)) = trk(N ). But N/Ker(g) ֒→ M , so Lemma 2.2 also shows that trk(N/Ker(g)) ≤ trk(M ).
Now we are ready to prove Lemma 2.1.
Proof of Lemma 2.1. Note that the number of invariant factor β k in M is equal to
This means that the number of invariant factor β k in M and that in N are equal for any k. So we must have M ∼ = N .
Proof. According to Lemma 2.1, M/β k and N/β k are isomorphic for all k. Then the lemma follows.
Hodge-Tate cohomology
In this section, we study the Hodge-Tate specialization of Breuil-Kisin cohomology of a proper smooth formal scheme X over O K and prove the isomorphism concerning Hodge-Tate cohomology groups in Theorem 0.1 under the restriction: ie < p − 1.
Our strategy is to first study the Hodge-Tate specialization of A inf -cohomology ofX. We can take advantage of the Lη-construction of A inf -cohomology and its Hodge-Tate specilizaton. This will provide us with two morphisms which enable us to use Lemma 2.4. In order to make this more precise, we need to introduce the framework of almost mathematics (derived category version) following [Bha18] .
Definition 3.1 (The pair (O C , m)). For any complete and algebraically closed nonarchimedean field C of characteristic 0, with ring of integers O C , we say an
is an almost isomorphism if the cohomology groups of the mapping cone of f are almost zero. Now we consider the almost derived category of O C -modules. Precisely, there are two functors:
where the Verdier quotient D(O C )/D(k) is actually the localization of D(O C ) with respect to almost isomorphisms. The functor () * is right adjoint to the quotient functor () a .
Lemma 3.2. Let C be spherically complete, i.e. any decreaing sequence of discs in C has nonempty intersection. For any perfect complex K ∈ D(O C ), we have K ≃ (K a ) * .
Proof. See [Bha18, Lemma 3.4].
There are similar constructions and results in the setting of A inf -modules.
is called an almost isomorphism if the cohomology groups of the mapping cone of f are almost zero.
Similarly, we consider the almost derived category of A inf -modules. Let D comp (A inf ) ⊂ D(A inf ) be the full subcategory of all derived p-adically complete complexes. There are two functors:
is actually the localization of D comp (A inf ) with respect to almost isomorphisms. The functor () * is also right adjoint to () a .
Lemma 3.4. Let C be spherically complete.
Next, we state a lemma concerning the Lη-functor, which gives us two morpshims. We may apply this lemma to A = O C , a = ζ p − 1 and K = τ ≤i Rν * O + X . Then there are two natural maps which we denote by f, g,
ΩX is due to the commutativity of the Lη functor and the canonical truncation functor τ i (see [BMS18, Corollary 6.5]). Passing to sheaf cohomology, we get two natural maps
ΩX) whose composition in either direction is (ζ p − 1) i . Since there is a quasi-isomorphism τ ≤i RΓ zar (X, τ ≤i ΩX) ≃ τ ≤i RΓ zar (X, Ω X ) which is induced by the canonical morphism τ ≤i ΩX → ΩX, we get two maps f : τ ≤i RΓ zar (X, ΩX) → τ ≤i RΓ zar (X, Rν * O + X ) g : τ ≤i RΓ zar (X, Rν * O + X ) → τ ≤i RΓ zar (X, ΩX) whose composition in either direction is (ζ p − 1) i . Note that there is a quasi-isomorphism RΓ zar (X, Rν * O + X ) ≃ RΓ proét (X, O + X ). What we want to study at the end is the p-adicétale cohomology but not pro-étale cohomology. But actually we get almost what we want. Recall the primitive comparison theorem due to Scholze.
Theorem 3.6 ([Sch13, Theorem 8.4]). For any proper smooth adic space X over C, there are natural almost isomorphisms
Then by passing to the world of almost mathematics, we get two natural maps in
Lemma 3.7. The complex τ ≤i RΓ HT (X) = τ ≤i RΓ zar (X, ΩX) (resp. τ ≤i RΓ A inf (X)) is a perfect complex of O C -modules (resp. A inf -modules).
Proof. Note that we have RΓ HT (X) 
where n i is a non-negative integer, x j ∈ O C and J is a finite set of positive integers. So H i HT (X) is perfect. The lemma hence follows from [Sta19, Lemma 066U]. For τ ≤i RΓ A inf (X), this follows from [BMS18, Lemma 4.9] stating that each H i A inf (X) is perfect.
As τ ≤i RΓé t (X, Z p ) and τ ≤i RΓ zar (X, ΩX) are perfect complexes, then Lemma 3.2 tells us that if C is spherically complete, then (τ ≤i RΓ(X, ΩX)) a * ≃ τ ≤i RΓ(X, Ω X ) and (τ ≤i RΓé t (X,
By moving back to the real world, we have two maps
whose composition in either direction is (ζ p − 1) i . These two maps induce maps between cohomology groups for any n ≤ i.
Now we come to the following key theorem:
Theorem 3.8. Let X be a proper smooth formal scheme over O K , where O K is the ring of integers in a complete discretely valued nonarchimedean extension K of Q p with perfect residue field k and ramification degree e. Let O C be the ring of integers in a completed algebraic closure C of K and X be the adic generic fibre ofX := X ⊗ O K O C . Assume ie < p − 1, then there is an isomorphism of O C -modules between Hodge-Tate cohomology group and p-adicétale cohomology group,
Proof. Note that replacing C by its spherical completion will not make any difference to this theorem. The spherical completion always exists (see [Rob13, Chapter 3]) and p-adicétale cohomology is insensitive to such extensions in the rigid-analytic setting (see [Hub13, 0.3.2]). So we could assume C is spherically complete. Using the flat base change along α : S → A inf from Breuil-Kisin cohomology to A inf -cohomology, we see that H i (X, ΩX) has a decomposition as O n C ⊕ ( m j=0 O C /π m j ). By requiring ie < p − 1,
and v(p) = v(π e ). Now the theorem follows from Lemma 2.4 and the existence of maps f, g.
The unramified case: comparison theorem
In this section, we study the relation between p-adicétale cohomology group H í et (X, Z p ) and crystalline cohomology group H i crys (X k /W (k)) in the unramifed case, i.e. the ramification degree e=1 and i < p − 1. Note that in the unramified case, crystalline cohomology RΓ crys (X k /W (k)) is canonically isomorphic to de Rham cohomology RΓ dR (X/O K ) (O K = W (k) when e = 1).
In order to prove the integral comparison theorem, we first relate Hodge-Tate cohomology to Hodge cohomology. And then we can use Theorem 3.8 to get a link between Hodge cohomology and p-adicétale cohomology. The last step is to study the Hodge-tode Rham spectral sequence and we can prove the converse to [BMS18, Theorem 14.5], which results in the final comparison theorem. 4.1. Decomposition of Hodge-Tate cohomology groups. In this subsection, we explain how to relate Hodge-Tate cohomology to Hodge cohomology. In fact, we can show that the complex of sheaves τ ≤p−1 ΩX is formal in the unramified case.
Theorem 4.1. For any proper smooth formal scheme X over W (k) andX = X ⊗ W (k) O C , the complex of sheaves τ ≤p−1 ΩX is formal, i.e. there is a quasi-isomorphism γ : 
Since L W (k)/Zp vanishes, we have
By the Künneth property of cotangent complex (cf. [Ill06] ), we then have
In particular, we have a map γ 1 :
Now we consider the map for any i ≤ p − 1 given by
It has an anti-symmetrization section a as shown in [DI87] , given by
Then we define γ i as the composition
Since the Hodge-Tate isomorphism is compatible with multiplication, this composition is exactly the Hodge-Tate isomorphism C −1 : 
4.2.
Hodge-to-de Rham spectral sequence. In this subsection, we study the Hodgeto-de Rham spectral sequence and finish the proof of the integral comparison theorem in the unramified case. More precisely, we will prove the converse to Theorem 1.8 by analyzing the length of the torsion part of de Rham cohomology groups and p-adicétale cohomology groups.
Note that we have the Hodge-to-de Rham spectral sequence
this spectral sequence can be seen as the flat base change to O C of the Hodge-to-de Rham spectral sequence of X over W (k). This tells us E i,j ∞ has
Fix a non-negative integer n such that n < p − 1, we have the abutment filtration 0 = F n+1 ⊂ F n ⊂ · · · ⊂ F 0 = H n dR (X/O C ) and the short exact sequences
Consider the normalized length l O C for finitely presented torsion O C -modules. Recall that this length behaves additively under short exact sequences and l O C (O C /p) = 1. We have the following result. 
for any positive integer m.
Proof. For the first statement, it is easy to see that M = B tor /A tor is a submodule of C tor , so we have
by the additivity of the length. For the second one, we have an exact sequence 
Corollary 4.5. For any integer i such that 0 ≤ i ≤ n and any positive integer m, we have
Recall that the rational Hodge-to-de Rham spectral sequence degenerates at E 1 page:
Theorem 4.6 ([BMS18, Theorem 13.12]). For any proper smooth rigid analytic space X over C, the Hodge-to-de Rham spectral sequence
As a consequence, we have the following lemma:
Lemma 4.7. For any m > 0 and n, we have
. Proof. Theorem 4.6 tells us that the integral Hodge-to-de Rham spectral sequence degenerates at E 1 after inverting p. This means that the coboundaries B i,n−i ∞ must be a finitely presented torsion O C -module. So we have E i,n−i
Then by the additivity of the length, we get that
We also have H n dR (X/W (k)) ⊗ W (k) O C ∼ = H n dR (X/O C ) by the base change of de Rham cohomology. So we can get the final isomorphism of
Remark 4.10. Theorem 4.9 shows that
In other words, the coboundaries B i,n−i ∞ vanish, i.e. the Hodge-to-de Rham spectral sequence degenerates at E 1 -page when restricted to degrees strictly less than p − 2. The most known case about the degeneration of the Hodge-to-de Rham spectral sequence is proven by Kazuya Kato. In [K + 87], he used syntomic cohomology to prove that for a projective smooth scheme X over W (k) where k is a perfect field of characteristic p, if dim(X) ≤ p, then the Hodge-to-de Rham spectral sequence degenerates and the de Rham cohomology groups are Fontaine-Laffaille modules. It seems that our method can not reprove this result. In particular, we could not provide the Frobenius maps required by the definition of Fontaine-Laffaille module.
If for each positive integer m, we have
is the number of the invariant factor p in A. This implies that the number of the invariant factor p of A is equal to that of B. By induction on m, it is easy to prove A ∼ = B as O C -modules.
The ramified case: comparison theorem
In this section, we consider a proper smooth formal scheme X over O K with ramification degree e > 1. We will prove some torsion-free properties of H i S (X) when ie < p − 1 and obtain the integral comparison isomorphism between p-adicétale cohomology groups and crystalline cohomology groups.
Let i be the maximal integer such that ie < p − 1.
Lemma 5.1. The A inf -cohomology group H n A inf (X) := H n (X, AΩX) is ξ-torsion free for any non-negative integer n ≤ i.
Proof. Note that replacing C by its spherical completionC does not make any difference to this lemma. So now we assume C is spherically complete. Since H n A inf (X) ∼ = H n S (X) ⊗ S,α A inf and α is a faithfully flat map taking (E) to ( ξ), we have that H n A inf (X) is ξ-torsion free if and only if H n S (X) is E-torsion free. As in the Section 3, we apply Lemma 3.5 to the complex of sheaves τ ≤i Rν * A inf,X . By the second almost quasi-isomorphism in Theorem 3.6 and Lemma 3.7, we can get two maps f :
whose composition in either direction is µ i . After tensoring by A inf / ξ, we get two maps
There are two compatible short exact sequences induced bȳ
Recall that for any finitely presented
For more details, see [BMS18, Proposition 4.13] . By applying this result to H n A inf (X), we get the following lemma.
Lemma 5.2. For any non-negative integer n ≤ i, the term M in the functorial exact sequence
we have two maps f : M → N and g : N → M , whose composition in either direction is µ i . Then we have exact sequences
By functoriality, f 1 , f 2 , f 3 and f 4 have inverses g 1 , g 2 , g 3 , g 4 up to µ i , respectively. On the other hand, the exact sequence associated to H n A inf (X) is the flat base change of the canonical exact sequence associated to H n S (X) (see [BMS18, Proposition 4.3] ). Hence M ∼ = H n S (X)⊗ S A inf and M / ξ ∼ = (H n S (X)/E)⊗ S A inf . Again, by using the decomposition of H n S (X)/E and the fact that M / ξ is killed by (ζ p − 1) i , we get H n S (X)/E = 0 and M / ξ = 0. Then M = 0 follows from Nakayama lemma.
where m is the maximal ideal of A inf . Then M is ξ-torsion free if and only if it is x-torison free.
Proof. Note that the radical ideal of (p, x) is the maximal ideal. If there exists a ∈ M such that xa = 0, then for any other y ∈ m\(p), we have y n a = 0 for any sufficiently large n as all torsion in M is killed by some power of p. Then this lemma follows.
Corollary 5.4. For any non-negative integer n ≤ i, the A inf -cohomology group H n A inf (X) is ξ-torsion free and the Breuil-Kisin cohomology group H n S (X) is both E-torsion free and u-torsion free.
In the following part, we consider torsion parts of the cohomology groups H n A inf (X) and H n S (X), and let H n A−tor , H n S−tor denote them respectively. We first prove a key lemma which enables us to study the structure of H n S−tor . 
In order to determine the module structure of H i S (X), we need the following lemma.
Lemma 5.6. Let M be a finitely presented torsion S-module. If M/p ∼ = (S/p) n and pM ∼ = r i=1 S/p n i where n, r, n i ∈ N * . Then we have an isomorphism of S-modules:
Proof. The proof is just that of [Bre98b, Lemma 2.3.1.1], simply by replacing S by S. For the readers' convenience, we give the proof here.
Choose m ∈ N * such that p m M = 0. Let (e 1 , e 2 , · · · , e n ) be a basis of M/pM over S/p and e 1 , e 2 , · · · , e n be their liftings in M . By Nakayama lemma, we see that M is generated by ( e 1 , e 2 , · · · , e n ) as S/p m -module. So (p e 1 , p e 2 , · · · , p e n ) generate S/p mmodule pM .
After renumbering ( e i ), we can suppose that the images of p e 1 , p e 2 , · · · , p e n in pM ⊗ S/p m k form a basis over k. Choose f 1 , · · · , f r ∈ pM such that pM ∼ = r i=1 S/p n i S · f i . Then there exists a r × r-matrix A ∈ M r (S/p m S) such that (f 1 , f 2 , · · · , f r )A = (p e 1 , p e 2 , · · · , p e r ). Since A mod (p, u) ∈ GL r (k), we know that A is in GL r (S/p m S). So we can replace ( e 1 , e 2 , · · · , e r ) by ( e 1 , e 2 , · · · , e r )A −1 and suppose p e i = f i for 1 ≤ i ≤ r.
For r + 1 ≤ j ≤ n, there exist a ij ∈ S/p m S for 1 ≤ i ≤ r such that p e j = r i=1 a ij f i = r i=1 a ij p e i . Again, we can replace e j by e j − r i=1 a ij e i for r + 1 ≤ j ≤ n. That means we can suppose p e j = 0 for r + 1 ≤ j ≤ n.
Finally, we can construct a surjective morphism of S/p m S-module:
Note that the morphism h : M ′ → M induces two isomorphisms: h 1 : pM ′ ∼ − → pM and
For any x such that h(x) = 0, if x ∈ pM ′ , then x = 0 since h 2 (x) = h(x) = 0. If x / ∈ pM ′ , then h 2 (x) = 0 impels that x ∈ pM ′ wherex is the image of x in M ′ /pM ′ . So h : M ′ → M must be an isomorphism. We are done. Now we state our main theorem of this chapter comparing the module structure of Breuil-Kisin cohomology groups to that of p-adicétale cohomology groups.
Theorem 5.7. Let X be a proper smooth formal scheme over O K , where O K is the ring of integers in a complete discretely valued nonarchimedean extension K of Q p with perfect residue field k and ramification degree e. Let O C be the ring of integers in a completed algebraic closure C of K and X be the adic generic fibre ofX :
We first show that the Breuil-Kisin cohomology group H n S (X) admits a decomposition as H n S (X) ∼ = S n i ⊕ ( n ij ∈J S/p n ij ), where n i is a non-negative integer, J is a finite multi-set of positive integers. Then this theorem follows from the decomposition of Breuil-Kisin cohomology groups. This is easy to see by considering theétale specialization of the Breuil-Kisin cohomology groups
. where the map S → W (C ♭ ) is the composition of the flat map α : S → A inf and the canonical injection A inf = W (O ♭ C ) → W (C ♭ ). To prove the first statement, we want to apply Lemma 5.6 to H n S−tor . Note that H n S−tor /p is u-torsion free by Lemma 5.5. So we need to prove that pH n S−tor admits a nice decomposition as in Lemma 5.6. Since the module (pH n S−tor )/p is u-torsion free also by Lemma 5.5. Then we only need to prove that p 2 H n S−tor admits a nice decomposition as in Lemma 5.6. We can continue this process until that we need to prove p m H n S−tor admits a nice decomposition as in Lemma 5.6 for some m but H n S−tor is killed by p m+1 in the meantime. As p m H n S−tor is killed by p and it has no u-torsion by Lemma 5.5, it is a free S/p-module. So we are done.
Remark 5.8. In general, for any finitely generated module M over S (or any other two dimensional regular local ring), there is a pseudo-isomorphism between M and S r ⊕ ( i∈I S/P i ) where I is a finite set and each P i is a prime ideal of height 1. Pseudo-isomorphism means its localization at all prime ideals of height 1 is in fact an isomorphism. Within the range ie < p − 1, the theorem above tells us that the classical p-adic cohomology theories provide enough information to determine the structure of Breuil-Kisin cohomology groups. But beyond this range, the situation gets subtle.
Theorem 5.9. When (n + 1)e < p − 1, there is an isomorphism of W (k)-modules H ń et (X, Z p ) ⊗ Zp W (k) ∼ = H n crys (X k /W (k)).
(ii) An object M in ′ Mod r,ϕ /S is in Mod r,ϕ /S∞ if and only if it is of finite type over S, it has no u-torsion and it is killed by some power of p.
Proof. See [Liu07, section 2.3].
Corollary 6.6. The torsion part of Breuil-Kisin cohomology groups H i S−tor is in the category Mod r,ϕ /S∞ when i ≤ r. Proof. This follow from Lemma 5.1.
Next we introduce Breuil's ring S and define some related categories. Recall that π is a fixed uniformizer of O K . There is a natural W (k)-linear surjection from W (k)[u] to O K by sending u to π. The kernel of this map is generated by the Eisenstein polynomial E of π. Let S be the p-adic completion of the PD-envelope of W (k) [u] with respect to the ideal (E) ⊂ W (k) [u] . The ring S is endowed with several additional structures:
(i) a canonical (PD-)filtration: Fil i S is the p-adic completion of the ideal generated by elements ( E m m! ) m≥i . (ii) a Frobenius ϕ: it is the unique continuous map which is Frobenius semi-linear over W (k) and sends u to u p .
For r < p − 1, we have ϕ(Fil r S) ⊂ p r S and we can define ϕ r = ϕ p r : Fil r S → S. Set S n := S/p n . Theorem 6.10. The functor M S∞ takes value in Mod r,ϕ /S∞ and it is exact and fully faithful.
